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Figure 1. Illustration of a solution space for a NN model and a PINNs model. (a) Pure
data-driven based NN model, (b) Physics law and data-driven based PINNs model.
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Figure 2. Flow chart and structure of the PINNs.
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Figure 3. Six uniform sampling methods for 400 sampling points generated in [0,1]>.
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Figure 4. Example plots with different values of k and ¢ obtained using Eq. (5).
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Figure 5. Flow chart of the DE algorithm.
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Table 1. Configuration of the DE algorithm.

[tem Value




Population size 10
Maximum number of generations 10
Initial differential scale factor F 0.5
Crossover probability CR 0.5
Domain of optimization variables hidden layers€|[3, 4,5, 6,7, 8,9, 10, 11, 12]

nodes€[30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80,
85,90, 95, 100, 105, 110, 105, 120]

activation function€[Softsign, Softplus, Tanh,
Tanhshrink, Tanhshrink, RReLU]

initial learning rate€[0.0001, 0.001, 0.01, 0.1, 1]
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Table 2. The configuration for 2D steady Kovasznay flow.

(20)

Item Value

Computational domain X €[-0.5, 1], YE[-0.5, 1.5], continuous value
Re 40

Number of BC sampling points 40 (10 points equally spaced on each side)
Number of PDEs sampling points 100

Number of training data 100+40 =140

Number of testing data
Maximum epochs

300x300=90,000
10,000
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Figure 6. Sampling points for Case 1: residual-based adaptive sampling (left), and

random sampling (right).
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Figure 7. Optimization process of DE algorithm to find the optimal parameter in PINNs
for Case 1.
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Figure 8. Training loss curves of the conventional and improved PINNs for Case 1.
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Figure 9. Variation of the adaptive weights for Case 1.
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Table 3. Training results of the best model of the conventional and improved PINNs
for Case 1.

Epoch Total pde_u pde_v pde_m bc_u bc_v bc_p
Con}‘)’fﬁ;}:nal 6551 | 1.09E-04 | 5.16E-05 | 1.47E-05 | 1.41E-05 | 1.85E-05 | 4.18E-06 | 6.06E-06
I“}‘}I’{\I‘;\‘I’:d 9952 | 3.86E-05 | 1.91E-05 | 3.64E-06 | 4.63E-06 | 8.06E-06 | 1.10E-06 | 2.09E-06
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Figure 10. Simulation results for conventional and improved PINNs for Case 1.

Images in the first, second, and fourth columns are the velocity and pressure fields
obtained for the exact solution, the conventional PINNs, and the improved PINNSs,
respectively. Images in the third and fifth columns are the MAPEs of the conventional
PINNSs and the improved PINNs, respectively.
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Table 4. Quantification of the contribution of each improvement to the final results
for Case 1.

Type u v p Average
Conventional PINNs 1.69% | 19.81% | 3.09% | 8.20%
PINNs with residual-based adaptive 0.90% |496% |2.58% |2.81%
sampling

PINNs with adaptive loss 1.18% | 4.17% |2.14% | 2.50%
PINNs with DE optimization algorithm 2.61% 19.57% | 2.37% | 8.18%
PINNs with all improvements 0.87% | 338% | 1.28% 1.84%
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Table 5. Configuration for 2D unsteady vortex shedding past a circular cylinder.

[tem Value

Computational domain X €[1, 8] with 100 equal parts, YE[-2, 2] with
50 equal parts, discrete value
T€J[0, 1.9], discrete values, interval = 0.1s, 20
time slices in total

Re 100

Center of cylinder (0,0)

Velocity of inlet 1

Pressure of outlet 0

Upper and lower boundaries Periodic boundary conditions

Number of BC sampling point 6,000 ((2x 100+2 x 50) x 20), 20 time slices in
total

Number of IC sampling point 5,000 (50 x 100)



Number of PDEs sampling point
Number of training data
Number of testing data
Maximum epochs

20,000 in total (1000 points in each second)
6000+5000+20,000 = 31,000
100x50x20=100,000
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Figure 11. Domain of the 2D unsteady vortex shedding past a circular cylinder.
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Figure 12. Sampling points for Case 2: residual-based adaptive sampling (left), and
random sampling (right).

The DE algorithm was employed to discover the optimal structure and parameters of the
PINNS . Figure 13 shows the optimization process for Case 2. After the 6" generation, the
optimization algorithm tends to converge. The optimization results show that the model
at the 92" evolution model in the 10% generation, comprising 10 layers with 100 nodes
per layer, a learning rate of 0.001, and the Tanh activation function, generates the lowest
loss. Hence, these parameters are considered optimal for Case 2.
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Figure 13. Optimization process of DE algorithm to find the optimal parameter in PINNs
for Case 2.
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Figure 14. Training loss curves of the conventional and improved PINNs for Case 2.
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Figure 15. Variation of the adaptive weights for Case 2.
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Table 6. Training results of the best model of the conventional and improved PINNs
for Case 2.

Epoch Total | pde_u | pde_v | pde_ bc_u bc_v bc_p icu icv ic_p

m
Convention | 299,49 | 6.63E | 7.05E | 9.41E | 1.06E | 1.06E | 1.42E | 5.82E | 3.74E | 3.96E | 9.19E
al PINNs 1 -06 -07 -07 -06 -06 -06 -07 -07 -07 -08

Improved 242,71 | 3.02E | 5.14E | 5.76E | 7.56E | 1.98E | 2.05E | 1.06E | 2.50E | 2.99E | 1.13E
PINNs 3 -06 -07 -07 -07 -07 -07 -07 -07 -07 -07
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Figure 16. Simulation results at the XY plane, t=Is, for conventional and improved
PINNSs. Images in the first, second, and fourth columns are the velocity and pressure
fields obtained for the exact solution, the conventional PINNs, and the improved PINNs,
respectively. Images in the third and fifth columns are the MAPEs of the conventional
PINNSs and the improved PINNs, respectively.
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Figure 17. The MAPE of u, v, and p during the test time for the conventional and

improved PINNs.
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Table 7. Quantification of the contribution of each improvement to the final results
for Case 2.

Type u 14 p Average
Conventional PINNs 4.83% 58.29% 40.73% 34.62%
PINNs with residual-based adaptive | 2.51% 14.73% 11.13% 9.45%
sampling

PINNs with adaptive loss 3.36% 14.92% 10.37% 9.55%
PINNs with DE optimization 4.86% 42.65% 21.11% 22.87%
algorithm

PINNs with all improvements 2.82% 7.39% 7.90% 6.04%
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FEIEHEME NSE O ERER 2D, & (25) , (26) , (27) , BXW (28) IR
ST\ 5I[35].

V-u=90 (23)
Zt@-Vu=-Vp+—Vu (24
u(x,y,z,t) = —ale® sin(ay + dz) + e cos(ax + dy)]le"*’t  (25)
v(x,y,2,t) = —ale® sin(az + dx) + e™ cos(ay + dz)]e~ ¢t  (26)
w(x,y,2,t) = —ale® sin(ax + dy) + e® cos(az + dx)]e ¥t (27)
p(x,y,2,t) = —%az [e29% 4 ¢2aY 4 ¢207 4 2 sin(ax + dy) cos(az + dx) e?¥+2) 4
2 sin(ay + dz) cos(ax + dy) e+ +2 sin(az + dx) cos(ay + dz) ea(xﬂ’)]e—Zdzt (28)

F—A 3 CHEHINDHREITE 8 [N TWAH. T I TiE, Re=l, a=1, d=1
ERESINTNAD.

Table 8. Configuration for 3D unsteady Beltrami flow.

Item Value
Computational domain X €[-1, 1], YE[-1, 1], Z€[-1, 1], continuous
value

T€JO0, 1], discrete values, interval = 0.1s, 11
time slices in total

Re 1

a,d 1,1

Number of BC sampling points Divide the every line into 10 equal parts,
generate 11 points, 6600 (6 x10x10x 11) in
total

Number of IC sampling points 1331 (11x11x11)

Number of PDEs sampling points 5500 in total (500 points in each second)

Number of training data 6600+1331+5500=13,431

Number of testing data 31x31x31x11=327,710

Maximum epochs 30,000

18 1%, 77— A 3BT HI-EINT- PINNs LHERD PINNs O > 7 U v 7K
AV NERT.



Figure 18. Sampling points for Case 3: residual-based adaptive sampling (left), and
random sampling (right).
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Figure 19. Optimization process of DE algorithm to find the optimal parameter in PINNs
for Case 3.
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Figure 20. Training loss curves of the conventional and improved PINNs for Case 3.
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Figure 21. Variation of the adaptive weights for Case 3.
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Table 9. Training results of the best model of the conventional and improved PINNs
for Case 3.



Epoch | Total pde_u pdev | pdew |pdem |bcu bc_v
Conventional | 29,655 5.38E-04 142E-04 | 140E-04 | 145E-04 | 3.97E-05 | 3.60E-05 | 3.44E-05
PINNs
Improved 29,702 9.03E-05 2.63E-05 | 2.56E-05 | 2.69E-05 | 5.17E-06 | 3.41E-06 | 2.93E-06
PINNs

Epoch Total bc_w bc_p ic_u ic_v icw ic_p
Conventional | 29655 3.40E-05 | 5.12E-05 | 2.19E-05 | 2.16E-05 | 2.43E-05 | 6.66E-05
PINNs
Improved 29702 3.19E-06 | 1.16E-05 | 7.00E-07 | 858E-07 | 7.47E-07 | 9.80E-06
PINNs
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Simulation results at XY plane, Z=0.5m, t=1s between conventional PINNs
and improved PINNs. Images in the first, second, and fourth columns are the velocity and
pressure fields obtained for the exact solution, the conventional PINNs, and the improved
PINNSs, respectively. Images in the third and fifth columns are the MAPEs of the
conventional PINNs and the improved PINNs, respectively.
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Figure 23. Simulation results for the whole XYZ space, t=0.5s, for conventional and
improved PINNs.
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Figure 24. MAPE of u, v, w, and p during the test time for the conventional and

improved PINNs.
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Table 10. Quantification of the contribution of each improvement to the final results
for Case 3.

Type u 14 w p Average
Conventional PINNs 8.45% | 5.00% | 3.85% | 4.43% | 5.43%
PINNs with residual-based adaptive 542% | 3.27% | 3.98% | 1.90% | 3.64%
sampling

PINNs with adaptive loss 1.54% | 2.29% | 1.36% | 1.17% | 1.59%
PINNs with DE optimization algorithm 583% | 6.60% | 5.35% | 1.92% |4.93%
PINNs with all improvements 095% | 1.03% | 0.95% | 0.88% | 0.95%
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Nomenclature
i Predicted value of trained pinns
The control parameter of residual-based adaptive
‘ sampling
Po Initial population
P. Parent population

Q: Children population



Greek symbol

Re

Combined population

Velocity vector (u, v, w)

Space-time point (x,y, z; t)

Number of sampling points

Reynolds number

Collection of sampling points
Adaptive weights

External force per unit volume of fluid
Calculated residual value of space-time point x
Quality

Pressure

Time

Real value

Velocity in x direction

Velocity in y direction

Velocity in z direction

Uncertainty, as trained parameter of the PINNs
Parameters of the PINNs
Dynamic viscosity

Density



Subscripts

BC Boundary condition
GE Governing equation
IC Initial conditions
ini Initial model
Tra Trained model
Superscripts
k To the k-th power

Mathematical symbol

E[] Numerical integration
Acronyms

CFD Computational fluid dynamics

DE Distribution parameter

DNS Direct numerical simulation

MAPE Mean absolute percentage error
MSE Mean square error
NN Neural network

NSE Navier-Stokes equation



ODE Ordinary differential equation

PDE Partial differential equation

PDF Probability density function
PINNs Physics-informed neural networks

VP Velocity-pressure

'A% Vorticity-velocity
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